TWISTED CONJUGACY IN FREE GROUPS AND 
MAKANIN'S QUESTION 



VALERIJ BARDAKOV, LEONID BOKUT, AND ANDREI VESNIN 

Abstract. We discuss the following question of G. Makanin from "Kou- 
rovka notebook": does there exist an algorithm to determine is for an 
arbitrary pair of words U and V of a free group F n and an arbitrary 
automorphism 95 6 Aut(F n ) the equation <p(X)U = VX solvable in F„? 
We give the affirmative answer in the case when an automorphism is 
virtually inner, i.e. some its non-zero power is an inner automorphism 
of F„. 



1. CONJUGACY AND TWISTED CONJUGACY 

Suppose G is a group given by a presentation in generators and denning 
relations. Three following decision problems formulated by M. Dehn |B] in 
1912 (see also Ch. 1, § 2; Ch. 2, § 1 ]) are fundamental in the group 
theory. 

Word problem: Does there exist an algorithm to determine if an arbitrary 
group word W given in the generators of G defines the identity element of 
G? 

Conjugacy problem: Does there exist an algorithm to determine is an ar- 
bitrary pair of group words U , V in the generators of G define conjugate 
elements of G? 

Isomorphism problem: Does there exist an algorithm to determine for any 
two arbitrary finite presentations whether the groups they present are iso- 
morphic or not? 

All three of these problems have negative answers in general (see, for 
example [TJ, [3J Ch. 6.7]). These results together with solutions of Dehn's 
problems in restricted cases have been of central importance in the combina- 
torial group theory. For this reason combinatorial group theory has always 
searched for and studied classes of groups in which these decision problems 
are solvable. Also, various generalizations of these problems were considered 
(see, for example [Z], Ch. 4, § 4]). 

In the present paper we discuss the twisted conjugacy problem, that can 
be considered as a generalization of Dehn's conjugacy problem. Suppose G 
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is a group given by a presentation and H is a subset of its automorphisms 
group Aut(G). 

Twisted conjugacy problem: Does there exist an algorithm to determine 
is for an arbitrary pair of group words U and V in generators of G the 
equality <p(W) U = VW holds for some W £ G and >p € H ? 

Since the twisted conjugacy problem depends of a group G as well as 
a subset H C Aut(G), this problem will be referred to as the conjugacy 
problem in G relative to H or as the H -twisted conjugacy problem in G. 
If H consists of the identity automorphism then we deal with the classical 
conjugacy problem. If H = {ip} consists of the unique automorphism then, 
obviously, a property to be twisted conjugated is an equivalence relation. 

The following question was posted by G. Makanin in "Kourovka note- 
book" 8, Question 10.26(a)]: Does there exist an algorithm to determine is 
for an arbitrary pair of words U and V of a free group G and an arbitrary 
automorphism ip of G the equation ip(X)U = VX solvable in G? This ques- 
tion can be regarded as the twisted conjugacy problem for the case when G 
is a free group and H = {cp} consists of the unique automorphism. 

We remark that the twisted conjugacy problem is also connected with the 
question of solving equations in the holomorph Hol(G) = G*x Aut(G). In this 
context we recall the following question of G. Makanin jHJ Question 10.26(b)]: 
Does there exist an algorithm to determine is for arbitrary automorphisms 
(pi,...,(p n of a free group the equation w(xf*, . . . , xf") = 1 solvable? 



2. Basic notations and results 

In the present paper we deal with the case when G = F n is the finitely 
generated free group with basis {x±, . . . ,x n }. Elements of F n are words in 
the alphabet X = {xf 1 , . . . , x^ 1 }- In our considerations below we will need 
to distinguish words which represent the same element of the group. So, we 
will usually use small letters to denote elements of F n and capital letters to 
denote words in the above alphabet. We will write U = V (or u = v) if two 
words (or two elements of the group) are equal as elements of the group, 
and U = V if two words coincide graphically. We use standard notations 
Aut(F n ) and Inn(i ? n ) for the group of automorphisms and the group of inner 
automorphisms of F n . 

Denote by \W\ the length of a word W in the alphabet X. A word W 
is said to be reduced if it contains no part xx~ l , x G X. A reduced word 
W defines a non-identity element if and only if \W\ > 1. A reduced word 
obtained by reducing of an original word will be referred to as its reduction. 
By 1 1 W 1 1 we will denote the length of the reduction of a word W. 

We define a linear order "<" on the set of reduced words in the alphabet 
X. Assume that letters of X are ordered in the following way: 

xi < x^ 1 < X2 < x^ 1 < . . . < x n < x~ x . 
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We write U < V if |Z7| < |V| or if \U\ = \V\ and the word U is less than the 
word V in respect to the lexicographical order corresponding to the above 
defined linear order on X. 

Recall that all three classical Dehn problems have simple and elegant 
solutions in free groups. Since reducing any word is an algorithmic process, 
this provides a solution of the word problem. Further, a reduced word 
W = x\^x\^ ■ ■ ■ £c|™, where = ±1, i = l,...,n, is said to be cyclically 
reduced if i% ^ i n or if i\ = i n then e\ ^ —e n . Clearly, every element of a 
free group is conjugated to an element given by a cyclically reduced word 
called a cyclic reduction. This leads to a solution of the conjugacy problem. 
Suppose for given words U and V, words U, V are their cyclic reductions. 
Then U is conjugated to V if and only if U is a cyclic permutation of V. 
Finally, two finitely generated free groups are isomorphic if and only if they 
have the same rank. 

In this paper we consider the twisted conjugacy problem in G = F n 
relative to H = {if}, where (f G Aut(-F n ) is such that c/? m G Inn(i ? „) for 
some non-zero integer m. Such automorphism tp will be referred to as a 
virtually inner automorphism. In particular, if an automorphism p is of 
finite order or inner, then it is virtually inner. The main result of the paper 
is the following 

Theorem 1. Suppose <p is a virtually inner automorphism of the free group 
F n . Then the ip-twisted conjugacy problem in F n is solvable. 

To prove this statement, we introduce y?- twisted conjugated normal form 
of a word, which can be constructed by a finite number of steps. We show 
that two words are ip- twisted conjugated if and only if their p- twisted con- 
jugated normal form coincide (see Section 6 for the proof). 

Consider the mapping torus (in other words, the ascending HNN exten- 
sion) 

F n (ip) = (xi, ...,x n ,t | t~ x Xit = <p(xi), i = l,...,n) 

that is the semidirect product of F n and (t). There is an evident relation 
between the y?-twisted conjugacy problem in F n and the classical conjugacy 
problem in F n (<p). 

Lemma 1. The p-twisted conjugacy problem in the free group F n is solvable 
if and only if there exists an algorithm to determine is a pair of words tU 
and tV from F n (p), where U, V € F n , define elements conjugated by some 
element of F n . 

Proof. Obviously, the equality X~ 1 {tV)X = tU holds in F n (ip) for some X £ 
F n if and only if the equality p(X~ l )V X = U holds in F n , i.e. <p(X)U = 
VX. □ 

It was shown by Bestvina and Feighn in [2], that if p G Aut(F n ) have 
no nontrivial periodic conjugacy classes (see next section for the definition) 
then F n (p) is hyperbolic. So, the conjugacy problem is solvable in it. (We 
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note, that virtually inner automorphisms that we consider below, are such 
that each conjugacy class is periodic.) We will show in Proposition ^ that 
also the problem of conjugation by an element of F n is solvable in it. 

Theorem ^ Lemma and Proposition ^ imply the partial affirmative 
answer on the above mentioned Makanin's question [HI Question 10.26(a)]: 

Corollary 1. Let p E Aut{F n ) be a virtually inner or having no nontrivial 
periodic conjugacy classes. Then there exists an algorithm to determine for 
an arbitrary pair of words U and V the solvability in F n of the equation 

tp(X)U = vx. 

3. Automorphisms having no nontrivial periodic conjugacy 

CLASSES 

An automorphism ip of the free group F n is said to have nontrivial pe- 
riodic conjugacy class if there exist integer I and elements x,y £ F n such 
that ip e (x) = y~ 1 xy. It was proven by Bestvina and Feighn [2] and by 
P. Brinkmann [5], that F n {ip) is hyperbolic (in the Gromov's sense) if and 
only if automorphism ip has no nontrivial periodic conjugacy classes. 

Proposition 1. Suppose ip G Aut(F n ) has no nontrivial periodic conjugacy 
classes. Then the ip-twisted conjugacy problem in F n is solvable. 

Proof. By Lemma the (^-twisted conjugacy of words U and V from F n is 
equivalent to the conjugacy of words tU and tV from F n (ip) by some element 
of F n . Since ip has no nontrivial periodic conjugacy classes, by |2j the group 
F n {ip) is hyperbolic and so, the conjugacy problem in this group is solvable 
(see, for example, [1J Ch. 3]). 

If tU and tV are not conjugated in F n (ip), then they, in particular, are not 
conjugated by an element of F n , so U and V are not (^-twisted conjugated. 

Assume that tU and tV are conjugated in F n (ip) by some element t k W , 
where W £ F n and k is integer. If k = 0, the statement follows from 
Lemma ^ If k ^ 0, we remark the following. Each element of F n (ip) 
that conjugates tU to tV is of the form c • t k W, where c belongs to the 
centralizer Cc{tU) of tU in G = F n (ip). It was shown by Gromov (see, 
for example, [IJ Corollary 3.10, p. 462]), that in a hyperbolic group the 
centralizer of any nontrivial element is almost cyclic and there exists an 
algorithm to find generators of the centralizer Cc(tU). Considering the 
canonical homomorphism of the centralizer Cc{tU) onto the group (t), one 
can check if the element t~ k lies in the image of that homomorphism. If yes, 
then elements tU and tV are conjugated by an element of F n . If not, then 
they are not conjugated by an element of F n , and so, elements U and V are 
not 99-twisted conjugated. □ 

We are thankful to Oleg Bogopol'skii for useful discussion of results from 
this Section. 
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4. Virtually inner automorphisms of free groups 

Let tp G Aut(i ? n ) be a virtually inner automorphism such that ip = <p m 
is an inner automorphism of F n . Without loss of generality we can assume 
that m is taken the smallest positive integer having such a property. There 
exists a reduced word A G F n such that 

p m (f) = A-VA 

for any / G F n . 

Lemma 2. (1) Automorphisms <p and ip commute. 

(2) If k = mq + r, where q G Z and < r < m — 1, i/ien /or any word U of 
the alphabet X we have 

<p k (U) = (/(A^C/A"). 

f3j y>(A) = A. 

Proof. Properties (1) and (2) hold obviously, since ip is a power of p. 
To show (3), remark that by (1) we have 

A-V(/)A = fp(A-VA) = ^(A- 1 )^/)^) 

for any / £ F n . Therefore, <£>(A) A -1 and <^>(/) commute for all / G F n . 
Since 99 is automorphism, we get <p(A) A" 1 = 1, so 93(A) = A. □ 

A reduced word V G F n is said to be A-reduced if |V| < ||A _fc V r A fc || for 
all fc G Z. Obviously, if V is cyclically reduced, then the length of any word 
conjugated to V is not less than the length of V, so V is A-reduced. 

Lemma 3. Suppose that A is cyclically reduced. A reduced word V G F n is 
A-reduced if \V\ < \\A- £ VA e \\ for e = ±1. 

Proof. If F is cyclically reduced, by the above observation it is A-reduced. If 
V is not cyclically reduced, we represent it in the form V = U~ 1 WU ', where 
U and W are reduced nonempty words in F n and W is cyclically reduced. 

Suppose that \V\ < ||A _1 yA|| and assume that there exists integer k > 1 
such that \\A- k VA k \\ < \V\. Then 

A -k yA k = A- k U- 1 WUA k = (UA k )- 1 W (UA k ). 

Since A is cyclically reduced, ||A fc || = k \A\ and in the word UA k only can- 
cellations of letters from U with letters from A fe can arise. If such cancella- 
tions are possible, there are two possibilities: either there are cancellations 
with letters of W or not. 

Case 1. Suppose that there are cancellations of letters of A k with letters 
of U, where, possibly, U will be cancelled wholly (the same for A~ k and ?7 _1 , 
respectively), but there no further cancellations with letters of W. Then we 
can write U = SiS^ 1 and A k = for some reduced Si, S2, S3 G F n . 
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If the length of the cancelling part £2 is bigger than the length of A, then 
£ 2 = A £ 2 ,i and U = SiS^I A" 1 = U\ A -1 , where \Ui\ < \U\. Then 

IIA^FAH = ||A -1 l/ -1 Wi7A|| = \\U^WUi\\ = \W\ + 2\Ui\ 
that is less than 

\V\ = p^WU] = \W\ + 2\U\ 

because \U±\ < \U\. Thus we get the contradiction with the assumption. 

If the length of the cancelling part £2 is less or equal to the length of A, 
then U = £1^2 1 and Ak = £2£3A fc ~ 1 for some reduced £i,£ 2 ,£ 3 G F n . 
We get 

|V| = \W\ + 2\U\ = |W| + 2|Ei| + 2|E 2 |, 
||A -1 VA|| = ||£a 1 £^ 1 VF£i£ 3 || = \W\ + 2|£i| + 2|£ 3 |, 

and 

\\A~ k VA k \\ = ||A _(fc_1) (A _1 V r A)A A: " 1 || 

= \\A- 1 VA\\ + 2(k - 1)| A| = \W\ +2|£i| +2|£ 3 | + 2(k- 1)|A|. 

Since k > 1 and |£ 2 | < |A|, we see that \V\ < ||A~ fe VA fc || that gives the 
contradiction with the assumption. 

Case 2. Suppose that letters of A~ k and A fe are cancelling with letters of 
V = U~ 1 WU is such a way that words U and U^ 1 will be cancelled wholly 
and there are further cancellations with letters of W. Since |C/" _1 VF£/| < 
||A _1 £7 _1 W£/A||, and U^ 1 and U are cancelling wholly, we have U = A^ 1 
and A = Ai A 2 with |A 2 | > |Ai| = \U\. Hence 

A -k yA k = A -(fc-i) A^ 1 A^ 1 (AiM/Af 1 ) Ai AaA^ 1 
= A-( fe_1 ) A2 1 WA 2 A k ~ 1 . 

The further cancellations are possible either in A^ 1 W or in WA2, but not 
in both, since W is cyclically reduced. 

If A2 1 is cancelling wholly in A2 1 W / A 2 , then 

||A _ VA|| = ||AJ 1 W , A 2 || = \W\ < \V\ 

and we have a contradiction with the assumption ||A _1 FA|| > \V\. 

If A2 1 is not cancelling wholly in the product A2 1 VFA 2 , then A 2 = 
A21A22 and W = A2IW1, and 

\\A- k VA k \\ = ||A- (fc - 1) A 2 1 VFA2A fc - 1 || 

= HA-^-^A^WiAaiAaaA*- 1 !! 

> |W| + 2(fc-l)|A|+2|A 22 | 

> \W\ + 2|A| > \W\ +2\U\ = \V\, 

and we have a contradiction with the assumption ||A~ fc VA fe || < \V\. By 
similar arguments, the case when A 2 is not cancelling wholly in the product 
WA2, is also impossible. 

If there exists integer k < — 1 with the same property, similar considera- 
tions implies the statement. □ 
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If A is cyclically reduced, Lemma |B1 gives the finite algorithm to find for 
a given reduced word V a A-reduced word Va conjugated to V by some 
power of A. Indeed, it is enough to repeat conjugations of V by A £ , e = ±1, 
few times. If the length of the obtained word is less than the length of the 
previous word, we will conjugate again. If not, then the obtained word is a 
A-reduced word Va conjugated to V. Such a construction of a A-reduced 
word V"a conjugated to V by some power of A will be referred to as a A- 
reduction. 

We remark that if A is not cyclically reduced, then the analog of LemmaEl 
does not hold. It is clear from the following example. 

Example. Let U,W,T1 6 F n be nonempty reduced words such that for 
an integer > 1 words A = U^W^EWU and V = U^W'^WU 2 are 
reduced. If k > 1, we get 

A~ 2 VA 2 = U~ 1 W~ 1 Tl k - 2 WUW~ 1 J?WU, 

A-^-^VA k - 1 = U- 1 W~ 1 TWUW~ 1 Ji k ~ 1 WU, 
A~ k VA k = W'^WU. 

It is easy to see that 

|V| < ||A -1 VA|| = ||A~ 2 VA 2 || = ... = ||A~( fc ~ 1 VA fe ~ 1 ||, 

but \\A~ k VA k \\ < \V\. 

If k < —1, similar example can be obtained conjugating V by negative 
powers of A. 

Lemma 4. Suppose A is not cyclically reduced. Let V be a reduced word 
such that \V\ < ||A~ £ VA £ j|, e = ±1. Then one of the following cases holds: 

(1) V is /^.-reduced. 

(2) A = U^ 1 U 2 1 A^A 2 AnU 2 U 1 and V = U{ 1 U 2 1 WU 2 U 1 , for some re- 
duced An, A2, Ui, U 2 and cyclically reduced W for which there exist integers 
k, \k\ > I, and m > and reduced Wo such that either 

a) C^ _1 Af 1 1 Aj fc A 1 i = §W~ m and W = Q^Wq, 
or 

b) A^A^Aiit/2 = W-' m § and W = Wo^ 1 . 

In addition, $ does not end by W~ x , and Wo is either nonempty or Wo = 1 
with U^Q^Ui be reduced. 

In case (2) Va = A _fc VA fc is A-reduced word conjugated to V. Moreover, 
case (2) describe all possible cases when \V\ < ||A -£ VA £ ||, e = ±1, but 
||A~ fc VA fc || < \V\ for some \k\ > 1. 

Proof. Suppose that |V| < ||A _1 VA|| and assume that there exists integer 
k > 1 such that ||A- fc VA fc || < \V\. 

We represent the reduced word A in the form A = A^ 1 A 2 A\, where 
A 2 is cyclically reduced and Ai is reduced. Then A fc = (Af 1 A 2 Ai) fc = 
AJ" AjjAi, where the last word is reduced and ||A fc || = 2|Ai| + fc|A 2 |. 
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If V is cyclically reduced, then, obviously, it is A-reduced. 
If V is not cyclically reduced, we write it in the form V = U^ 1 WU, where 
W is cyclically reduced and U is reduced. Then 

A -k yA k = A -ku-i WUA k = (uA^A^A^WiUA^A^). 

Since ||A fe FA~ fc || < \V\, there are cancellations in this word. There are two 
possibilities: either there are cancellations with letters of W or not. 

Case 1. Suppose that there are cancellations of letters of A k with letters 
of U, where, possibly, U will be cancelled wholly (the same for A~ k and f/ -1 , 
respectively), but there no further cancellations with letters of W. Then we 
can write U = EiE^T 1 and Af 1 A^Ai = E 2 E 3 for some Si, E 2 , S 3 e F n . 

Since 

||A- fc yA fe || = iS-^-^SiSgl = \W\ + 2|Ei| + 2|E 3 | 

and 

|V| = jSaSf^SiS^ 1 ! = \W\ + 2|Ei| + 2|E 2 |, 

we get |E 2 | > |S 3 |. 

From the representation A^ 1 A|Ai = E 2 E 3 we have E 2 = A^A^A^ 
and E 3 = A 22 A 2 n Ai, where A 2 = A 2 iA 22 (one of words A 2 i and A 22 can 
be empty) and k = i + m + 1. 

Consider 

||A~VA|| = ||Af 1 Aj 1 Ail7- 1 WT/'Af l A2Ai|| 

= ||AJ" 1 AJ 1 AiE2Ei 1 W , EiEJ 1 Ai 1 A 2 Ai|| 

= ||Aj- 1 Aj 1 Ai(Ai 1 A^A 2 i)Er 1 W rs i( A Ji lA J /A i) A r lA 2Ai|| 

= j I Af 1 A| _1 A 2 iSf 1 WSi A J/ A2 /+1 Ai 1 1 

= \W\ +2|Ei| + 2|Af 1 A^ 1 A 2 i| 

and 

|V| = |E 2 Ef 1 VFEiE 2 _1 | = \W\ + 2|Ei| + 2|E 2 |. 

Since E 2 = A^A^Asi, we have |E 2 | > | Af 1 A| _1 A 2 i | . Therefore, ||A _1 yA|| < 
|V|, that gives the contradiction with the assumption. 

Therefore, for any k > 1 the inequality \V\ < \ \A~ k VA k \\ holds. 

Taking AVA^ 1 , similar considerations show that the inequality holds also 
for k < —1. Therefore, V is A-reduced word. 

Case 2. Suppose that letters of A~ fc and A k , where A k = Aj^ 1 A|A 1 are 
cancelling with letters of V = U~ l WU is such a way that words U and U^ 1 
will be cancelled wholly and there are further cancellations with letters of 
W, starting either from the initial part of W or from the final part of W, 
but not from the both, since W is cyclically reduced. 

Case 2(i). Suppose that \U\ > \A\\ and cancellations in W starts from 
the initial part. 

Recall that \V\ < ||A-VA||, where |V| = \W\ +2\U\ and ||A-VA|| = 
||A ] ; 1 A 2 1 Ai;7- 1 VI/^Af 1 A 2 Ai||. Hence \U\ < \A X \ + ±|A 2 | and we can 
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represent U 1 = A 1 1 A2i, where A2 = A21A22 and IA21I < | ^22 1 ■ Then 
A- k VA k = A^ 1 (A 21 A 22 )- k A 1 (A^ 1 A 21 )W(A 21 1 A 1 )A^ 1 (A 21 A 22 ) k A 1 
= Ar 1 (A 2 iA22)- (fc - 1) A 22 1 WA22(A2iA22) fe - 1 A 1 . 

Consider 

\V\ = \U~ X WU\ = \W\ + 2\U\ = \W\ + 2|Ai| + 2|A 2 i| 

and 

A _1 FA = A^A^AiU^WUA^A^! = A^ 1 A 22 1 W / A 22 Ai. 

Since \V\ < ||A _1 VA||, in the product A 22 W the word A 22 can not be 
cancelled wholly. 

Indeed, if A 22 is cancelling wholly, then after cancellations in A 22 WA 22 
we will get a cyclically reduced word which is obtained by a cyclic shift of 
W. Therefore \\A 22 l W A 22 \\ = \W\ and 

||A -1 VA|| < \W\ + 2|Ai| < |V|, 

and we will get the contradiction. 

Therefore, we can represent A 22 = EoS^ 1 , where E^ 1 is the cancelling 
part and So is non-empty. After cancellations in E^VFEi we will get a 
cyclically reduced word which is obtained by a cyclic shift of W. Therefore, 
IIE^WEiH = \W\ and 

IIA-VAII = ||Af 1 S (S^ 1 VFSi)S = \W\ + 2|Ai| + 2|E |. 

Comparing with 

\\A- k VA k \\ = \\A^ 1 (A 21 A 22 )-^A 22 1 WA 22 {A 21 A 22 ) k - 1 A 1 \\ 

= ||Ar 1 (A2iA22)- (fe - 1) S (Sr 1 ^S 1 )E 1 (A 2 iA22) /£ - 1 A 1 || 

= \W\ + 2|Ai| + 2|E | + 2(k - l)|A 2 iA 22 |, 

we see that ||A _1 FA|| < ||A~ fc FA fc || for all k > 1. By similar considerations 
the inequality holds also for all k < — 1. Therefore, V is A-reducible. 

Case 2(h). Suppose that \U\ > | Ai | and cancellations in W starts from the 
final part. The arguments analogous to the arguments from the Case 2(i), 
shows that in this case V A-reducible. 

Case 2(iii). Suppose that |J7| < |Ai| and cancellations in W starts from 
the initial part. Then we can write Ai = AuU, where An / 1. Therefore, 

A -k yA k = A^ 1 A 2 fc A 1 [/- 1 VF[/A^ 1 A^Ai 

= [/- 1 A n 1 A 2 - fc A 11 [/C/- 1 ^?7^ 1 A 11 1 A^A 11 [/ 

= U^A-^A^AnWA-^A^AnU. 

Since ||A _fc V r A fe || < \V\, where |V| = \W\ + 2\U\, is it necessary that in the 
product [/~ 1 A n 1 A 2 k AuW the word A n 1 A 2 k An will be cancelled wholly 
and, moreover, there will be some cancellations of letters of U^ 1 with letters 
of W. Denote by U 2 l the cancelling part of the word ?7 _1 , Then we can 
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write U = U 2 U 1: where \U\ = \U X \ + \U 2 \, and W = A^A U U 2 W , 
for some Wq. Since W is cyclically reduced, the word WoA^A^AuL^ is 
reduced and \\W A^ A^AuU 2 \\ = \W\. Hence 

\\A~ k VA k \\ = HC/f^^A^A^An^A^AlAn^C/ill 
= IIC/f^oA^AlAn^C/iH 
= \W\+2\U ± \ < m 

because \Ui \ < \U\. 

Remark that with such V and A the inequality ||A _1 VA|| > \V\ also 
holds. Indeed, 

A _1 VA = U- 1 A^A 2 1 A 11 WA^A 2 A 11 U 

= ?7f 1 ?7 2 - 1 Ar 1 1 A 2 - 1 A 11 (Ar 1 1 A|A 11 [/ 2 ^o)A n 1 A 2 A 11 C/ 2 [/i 

= [/f^^^^A^-^AnC/aWoA^AaAn^C/L 

Since the obtained word is reduced, we get ||A _1 FA|| = |W r | + 2|i7| + 2|Aii|, 
but |V| = \W\ + 2\U\. 

Also, it is easy to see that ||AyA _1 || > |V|. 

Thus we get that if 

A = U{ 1 U 2 1 A^l A 2 AnU 2 Ui 

and 

V = U^ 1 U2 1 A^A^A 11 U 2 W U 2 Ui 
for some An, A 2 , Ui, U 2 , Wo € F n , and some integer k > 1, then ||A~ £ FA £ || > 
|V|, but ||A- fc yA fc || < |V|. Note that we have W = A^A^A U U 2 W , that 
gives the case (2a) of the statement for the case m = 0. 

Above we considered the case when in the product U 2 l A^ A 2 k AnW 
the word C/ 2 _1 A^ 1 1 A 2 " fc An was cancelling wholly with initial part of W of 
with the whole W, but without further cancellations. Now, let us consider 
the case when W is cancelling wholly and after that there are further can- 
cellations in the product 

A -k VA k = 17-1^-1 A" 1 Aj fc An WA^A^Ant^l/i. 

Remark, that it is possible only if the word U 2 1 A^A 2 k An is a product of 
some initial subword $ and of an element from the centralizer of W, i.e. 

l7 2 - 1 Ai 1 1 Aj fc An = <S>W~ m , men 

In this case we assume that m is maximal integer with such property, i.e. $ 
does not contain word W^ 1 as a final part. Then 

A -k yA k = u-^^w^ww^^-^ = U^^W^Ui 

and after that <3? is cancelling with an initial subword of W, i.e. W = 
$ _1 Wo, where Wq can, possibly, be empty. If Wq is empty, then, obviously, 
U7 l <&~ l Ui must be reduced. 
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Case 2(iv). Suppose that \U\ < |Ai| and cancellations in W starts from 
the final part. By the same arguments as in the Case 2(hi), we get that 
words A and V are of the form, described in case (2b). 

□ 

If A is not cyclically reduced, Lemma Ogives the finite algorithm to find 
for a given reduced word V a A-reduced word Va conjugated to V by some 
power of A. If A and V are of the form represented in case (2) of Lemma|I] 
then we define Va = A~ k VA k . In this case we say that Va is obtained from 
V by A-reducing. If A and V are others, then we follow the same steps as 
described after Lemma 01 

5. A-REDUCED WORDS CORRESPONDING TO THE SAME WORD 

In general, Va is not uniquely determined by V. The following state- 
ment describes different A-reduced words corresponding to the same reduced 
word. 

Proposition 2. (1) Let V be reduced and |V| = ||A _1 VA||. Then 

A = A1A31A21A31A32, 
where |Ai| = IA32I, with either 

V = AiVoA^A^Ar 1 or V = A 1 A 3 iA 21 V A^ 1 , 

where A 31 = 1 if V ^ 1, for some A x , A 2 i, A31, A 32 , V € F n . 
(2) Let V be reduced and \V\ = [|AVA _1 ||. Then 

A = AnA 12 A 2 iAi2A 3; 
where |An| = |A 3 |, with either 

V = A3 1 V A 21 A 12 A 3 or V = A3 ^A^VoAg, 
where A i2 = 1 if V / I, for some A n , Ai 2 , A 2 i, A 3 , V G F n . 

Proof. Let us prove the statement (1). Represent a A-reduced word V in 
the form V = U~ 1 WU, where W is cyclically reduced and U is reduced (we 
assume that U is empty if V is cyclically reduced itself, i.e. V = W). Since 
|V| = HAVA^ 1 !!, the word A~VA ee A~ l U~ l WUA admits cancellations. 
There are two possibilities: either there are cancellations with letters of W 
or not. 

Case 1: Suppose that there are cancellations of letters of A with letters of 
U, where, possibly, U will be cancelled wholly (the same for A -1 and U^ 1 , 
respectively), but there no further cancellations with letters of W. Then 
U = UiA^ 1 and A = AiA 3 , where the reduced word Ai is non-empty and 
reduced words U\ and A3 are, possibly, empty. Therefore, 

A^VA = A 3 _1 A-- 1 (Aii7f 1 W i A]f 1 )AiA3 = A^U^WUiA^ 

where the final word is reduced. So, 

||A -1 VA|| = \W\ + 2|[/i| + 2|A 3 |. 
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Since 

\V\ = lAiC/f 1 WiA- 1 ! = \W\ + 2|[/i| + 2|Ai|, 

we get | Ai| = |A 3 |. Taking V = U^WUi, A 32 = A 3 , A 2 i = 1 and A 3i = 1 
we get A and V of the same form as in the statement. 

Case 2: Suppose that words U and U^ 1 will be cancelled wholly and there 
are further cancellations with letters of W, starting either from the initial 
part of W or from the final part of W, but not from both, because W is 
cyclically reduced. 

Case 2(i): Suppose that there are cancellations starting from the final 
part of W such that, possibly, W cancelled wholly, but there are no further 
cancellations. Then A = AiA2A 3 , U = A^ 1 and W = VoA^ 1 for some 
reduced A 1 ,A 2 ,A 3 ,V G F n . Therefore, V = A^A^A' 1 and A _1 FA = 
A3 1 A 2 V A 3 . Since 

\V\ = |F | + |A 2 | + 2|Ai| 

and 

||A-VA|| = \V \ + |A 2 | + 2|A 3 |, 

we get |Ai| = |A 3 |. Taking A 2 i = A 2 , A 32 = A 3 and A 3 i e 1 we get A 
and V of the same form as in the statement (with Vq = 1 if W cancelled 
wholly) . 

Case 2(h): Suppose that W is cancelled wholly starting from the final 
part and after that some cancellations are still possible. Therefore, Vq = 1, 
A-^A ee A^A^Ag and some cancellations of letters of A 2 1 and A 3 
are possible. Thus, denoting by A 32 the part (possibly, empty) of A 3 
which cannot be cancelled, we can write A 3 = A 3 iA 32 and A~ 1 VA = 
A 32 1 Aj 1 1 A2 1 A 3 iA 32 , where Aj 1 1 A 2 ~ 1 A 3 i, after possible cancellations, is cycli- 
cally reduced. So, elements A^ 1 and A 31 1 A 2 ~ 1 A 3 i are conjugated in the 
free group and cyclically reduced. Therefore, the reduction of the word 
Ag^Aj X A 3 i is a cyclic permutation of the word A^ 1 , so A^ 1 = Aj^A^ 1 
and Ag 1 1 Aj 1 Aj 1 1 = Ag/A^Ag/A-ji = Ag/Aj/. Hence 

A ee AiA 2 A 3 ee AiA 3 iA 2 iA 3 iA 32 , 
V ee AiA 2 _1 A|f 1 ee AiAj^Ag^Aj" 1 

and 

A-VA = Ag l A 2 l A 3 = A3 2 1 A3 1 1 A 2 - 1 1 A 3 - 1 1 A3iA3 2 = A^A^A^A^. 
Since 

\V\ =2|A 1 | + |A 21 | + |A 31 | 

and 

||A-VA|| = 2|A 32 | + |A 2 i| + |A 3 i|, 

we get | Ai| = |A 32 |. Taking Vq = 1 we get that A and V are of the same 
form as in the statement. 
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Case 2(iii): Suppose that there are cancellations starting from the ini- 
tial part of W such that, possibly, W cancelled wholly, but there no fur- 
ther cancellations. Then A = A!A 2 A 3 , U = A^ 1 and W = A 2 V for 
some reduced words Ai, A 2 ,A3,Vo £ F n . Therefore, V = A1A2V0AJ" 1 and 
A^VA = A 3 V0A2A3. Since 

\V\ = |Vb| + |A 2 | + 2|Ai| 

and 

||A-VA|| = I Vb I + |A 2 | + 2|A 3 |, 
we get |Ai| = IA3I. Taking A21 = A 2 , A32 = A3 and A31 e 1 we get that 
A and V are of the form as in the statement. 

Case 2(iv): Suppose that W is cancelled wholly (starting from the initial 
part) and after that some cancellations are still possible. Therefore, Vq = 1, 
A -1 VA = A3 1 A 2 A 3 and some cancellations of letters of A 3 1 and A 2 are 
possible. Denoting by A^ 1 the part (possibly, empty) of Ag" 1 which can not 
be cancelled, we can write A3 1 = A^Ajj 1 , so A3 = A31A32. Therefore 
we get A~*VA = A~ 1 A 2 A 3 = A^Aj/A^iAs^ where A 31 1 A 2 A 3 i, after 
possible cancellations, is cyclically reduced. Elements A 2 and A 3 " 1 1 A 2 A3i 
are conjugated in the free group and cyclically reduced. Therefore, the 
reduction of the word A 3 ~ 1 1 A 2 A3i is a cyclic permutation of the word A^ 1 , 
so A 2 = A 3 iA 2 i and A 3 " 1 1 A 2 A 3 i = A 31 1 A 3 iA 2 iA 3 i = A21A31. Hence 

A = A1A2A3 = A 1 A 31 A2iA 3 iA23, 
V = A 1 A 2 A^ 1 = A 1 A 31 A 21 A^\ 

and 

A- l VA = A^A 2 A 3 = A^ 1 Ajf 1 A 3 i A 2 i A31 A 32 = A^A^Ag^. 
Since 

\V\ = 2|Ai| + |A 21 | + |A 3 i| 

and 

||A _1 VA|| = 2|A 32 | + |A 2 i| + |A 3 i|, 
we get I Ai| = I A.32 1 - Taking Vq = 1 we get that A and V are of the form as 
in the statement. 

The statement (2) follows by similar considerations. □ 
6. Constructing of (^-twisted conjugated normal form 

Let V and V' be words in the alphabet X. If there exists X G F n such 
that V = (p(X~ 1 )VX, we say that V' and V are tp-twisted conjugated, and 
that V' is obtained from V by (p-twisted conjugation by X. Obviously, the 
property to be (^-twisted conjugated is equivalence relation in the group 
F n . Using this definition, the Makanin's question can be reformulated as 
the following: is there exists an algorithm that admits for a given pair 
of elements U and V of a free group F n to decide if they are (^-twisted 
conjugated. 
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In virtue of Lemma 121 the equality y?(A fc ) = A k holds for any integer k. 
Therefore, if elements U and V are conjugated by some power of A, they 
are tp- twisted conjugated. 

Below we will construct an algorithm to choose a unique representative for 
each class of 99-twisted conjugated elements. We will call this representative 
the ip -twisted conjugated normal form. It will be shown that two elements of 
F n are 93- twisted conjugated if and only if their tp- twisted conjugated normal 
forms coincide. 

If length of a reduced word U in the alphabet X is bigger than 1 then it 
can be represented as a product U = U'U" of two nonempty reduced words. 
The word U' will be referred to as an initial part of U and U" will be referred 
as a final part of U. Denote by I(U) the set of all initial parts of U and by 
F{U) the set of all final parts of U. 

For a word U and an integer t we denote by tp (U) the word obtained 
from U by replacing (graphically) each letter u of U by its image tp e (u), and 
denote by Um the word obtained after reducing of <p (U). 

Let V = V'V" be a reduced word in the alphabet X, where V 6 I(V), 
V" G F(V). The word V/^V (that represents the element tpiV'^V^")- 1 is 
said to be a cyclic tp-shift of a final part of'V = V'V" and the word V"V/_^, 
that represents the element 

is said to be a cyclic tp-shift of an initial part of V = V'V". If \V'\ = 1, 
i.e. V = xf, e = ±1, then the corresponding tp-shift of the initial part will 
be referred to as a cyclic tp-shift of the initial letter. If \V"\ = 1 then the 
corresponding t^-shift of the final part will be referred to as a cyclic tp-shift 
of the final letter. 

A reduced word V will be referred to as a cyclically tp-reduced if neither a 
cyclic (/3-shift of its final letter nor a cyclic 99-shift of its initial letter do not 
decrease length of V . Obviously, applying cyclic 99-shifts of the final letter 
(as well as of the initial letter) to a given word V, after a finite number of 
steps we will obtain a cyclically 99-reduced word corresponding to V . 

Now let us construct conjugated normal form for a word V . Without loss 
of generality (applying, if necessary, finite number of steps of above described 
A-reducings and cyclic 99-shifts), we can assume that V is A-reduced and 
cyclically 99-reduced. 

For given V let Va be the set, consisting of V and all words which are 
conjugated to V by powers of A and are A-reduced. In virtue of Lemma |31 
and Lemma HJ the set Va is finite. Applying to all elements of Va cyclic 
(^-shifts of all initial parts and all final parts, we will construct the set (Va)w- 
Applying A-reducing to all element of (Va)^, we will construct the set of 
A-reduced words ((Va)^)a- And finally, applying, if necessary, cyclic p- 
shifts of the final letter and of the initial letter to words from ((Va) ¥ j)a ) 
will construct the set Dq(V) = (((Va)^)a)<^ of A-reduced and cyclically 
(/7-reduced words. 
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Recall that in the free group the set of words obtained from a given word 
V by cyclic shifts is finite. But the set of words obtained from V by cyclic 
(£>-shifts can be infinite. Indeed, it is clear from relations 

y(y)<p k -Hv) ■ ■ ■ <p<y)] v [v- 1 ^(v- 1 ) ■ ■ ■ ^(y- 1 )] = /(n 

for k > and 

\p k (v~ x )<p k+1 (y~ x ) • • • v- 1 } v \ip-\v) ■ ■ ■ v k+1 (V)ip k (v)} = <p k (V), 

for k < 0, that V is (^-twisted conjugated to <p k (V) for any integer k. 

For each integer k we define a set D k (V) = Do(ip k (V)) and define D(V) = 
Ufcez Dk(V). Let us verify that D(V) is finite. 

Lemma 5. The following equality holds: 

D{V) = |J D k (V). 

fc6{0,l,...,m-l} 

Proof. Let r, satisfying < r < m, be such that k = mq + r, q € Z. By 
Lemma El 

/(y) = A-v r (^)A 9 . 

We show that Dk(V) = D r (V), that will imply the statement. Indeed, by 
the definition, D k (V) = D (A~^ r (V)A' 1 ). Denote U = V [r] = <p r (V) and 
consider elements from Dq(U) = Dq({p v (V)). By the definition, Dq{U) con- 
sists of words (p(U")U' and U 1 ' '(p (U') (for all pairs of initial and final parts 
of U = U'U") to which A-reducing and cyclic ^-reducing are applied. To 
construct D k (V) we need to pass from the word A~ q ip r (V)A q to a A-reduced 
word, which, in a general case, can be different from U = (p r (V). But, ac- 
cording to the definition of Dq(V), the set of A-reduced words constructed 
from A~ q (p r (V)A g coincides with the set of A-reduced words constructed 
from tp r (V). So, corresponding sets of all cyclic 99-shifts of initial parts and 
of final parts also coincide. Therefore, D k {V) = Do((p r (V)) = D r (V). □ 

Lemma 6. The set D(V) has the following properties: 

(1) IfU eD{V) then D(U) = D(V); 

(2) If V and W are ip-twisted conjugated, and each of them is A-reduced 
and cyclically ip-reduced, then D(V) = D(W). 

Proof. Since D(V) consists of words which are 93-twisted conjugated in F n , 
item (2), obviously, implies (1). Let us prove (2). Firstly we remark that if 
W is obtained from V by a c^-shift of an initial part or a (/?-shift of a final part, 
then, obviously, D(W) = D(V). Now assume that W and V are related by 
W = U^VU for some reduced U & F n . Since W is cyclically (/^-reduced, 

the product U^VU contains cancellations. Moreover, these cancellations 
are either in the product U^V or in the product VU, but not in the both, 
since by the assumption V is y>reduced. There are two possibilities: V will 
be cancelled wholly or not. 
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Case 1: Suppose V is not cancelling wholly. 

Case l(i): Suppose that there are cancellations in the product U^V . 
Then must be cancelled wholly, since W is assumed to be (/^-reduced, 
and so V = U m Vi. Then 

w = u^vu = u { -{ (U {1] V ± )U = V l U 

and W = V\ U is obtained from V = V\ by the (^-shift of the initial part 
£/[!]. Therefore, D(V) = D(W). 

Case 1(h): Suppose that there are cancellations in the product VU. Then 
U must be cancelled wholly since W is assumed to be (^-reduced, and so 
V = ViU' 1 . Then 

w = u^vu = u-l^u-^u = U^V! 

and W = UZ}V\ is obtained from V = V\U~ l by the y-shift of the final 

part U~\ Therefore, D(V) = D(W). 

Case 2: Suppose that V is cancelling wholly. We will use induction by 
length of the word U. 

Case 2(i): Suppose that V is cancelling wholly in the product VU and 
after that there are cancellations of letters of the remaining part of U with 
letters of U^. Then we can represent U = V 1 U±, therefore JTj^ 1 = U 1 1 Vji] 
and 

u^vu = u-^vv-'u, = u-^u,. 

If U\ is cancelling wholly with V^j, then = V^U^ 1 and 

u-^u, ee u-^ur'u, = u-fcv* = w. 

Remark that W arises in the process of the construction of D\(V). Indeed, 

D X (V) =D (V {1] ) =D (V 2 U 1 1 ) 

and W is obtained from V 2 U X X by the cyclic c^-shift of the final part. If, 
again, Vju is cancelling wholly with Ui, then the statement follows from the 
induction assumption. 

Case 2(h): Let there be a cancellation in the product U^V with V can- 
celling wholly and remaining part of cancelling with U, i.e. = 
U^V- 1 , U = <p- 1 (V)(p- 1 (U 1 ) and 

(i) u^vu = ur 1 v- 1 vv hl] u 1[ _ 1] = U^V^U^y 

If U^ 1 is cancelling wholly with V[_ 1 ], then V[_^ = U\V 2 and we get U ± 1 V[_ 1 ^U 1 = 
U^iUMp^-!] = lWi[-i], i.e. V = U 1{1] V 2[1] and W = V 2 U l{ _ iy Com- 
paring these words we see that W belongs to Indeed, by the 
definition, 

D_i(F) = D (^-\V)) = D {U l V 2 ). 
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Applying to U1V2 the cyclic yj-shift of the initial part U\, we will get W = 
V2?7i[_i]. The case when Vr_i] is cancelling wholly with L^" 1 in Q follows 
from the induction assumption. □ 

Now we are able to complete the proof of Theorem ^ 

Proof. For given V we have constructed the finite set D(V). From this set 
we choose words of minimal length, and after that, from such words choose 
the word which is minimal in respect to the above defined ordering on F n . 
Denote this word by V and call it the normal ip-twisted conjugated form for 
V. 

Let U and V be reduced words in the free group F n . Let us construct 
words U and V, which are normal 92-conjugated forms for U and V, respec- 
tively. In virtue of Lemma 03 U = V if and only if elements U and V are 
y-twisted conjugated in F n , that means, by the definition, that equation 
ip(X)U = VX is solvable in F n . The proof is completed. □ 
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